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Abstract 
The aim of the present study was to determine the best non-linear growth function to describe the 
growth of Kajli sheep. For this aim, the Brody, von Bertalanffy, Logistic, and Gompertz models were used to 
describe the sigmoidal relationship between bodyweight and age of the Kajli sheep. The records obtained 
from the Livestock Experiment Station, Khushab, were collected between 2007 and 2018. The records 
comprised 9864 age-weight observations (300 for male, 9564 for female, 7392 for single, 2388 for twin, and 
84 for triplet lambs), which extended from birth to 12 months old. Candidate non-linear functions were fitted 
and the curve parameters were estimated by nlsfit (fit non-linear models) function in R statistical package, 
version 3.6.1. Goodness of fit criteria that were used to evaluate predictive performances of candidate 
models were adjusted coefficient of determination (R2adj), Akaike’s information criterion (AIC), Bayesian 
information criterion (BIC) and root means square error (RMSE). The Brody model was the best non-linear 
function that described the biological growth pattern of all, male, female, single, twin, and triplet lambs. 
Differences in curve parameter estimates between male and female suggested a definite pattern of sexual 
dimorphism. Moreover, a higher estimate of rate of maturity in female lambs reflects their early maturity 
compared with male Kajli lambs. Similarly, the single-born Kajli animals with highest maturity rate were 
maturing at an earlier age than twins and triplets. This is the first report on the non-linear pattern of visible 
changes in bodyweight of Kajli sheep from birth to 12 months old.  
______________________________________________________________________________________ 
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Sheep, as small ruminants, are excellent converters of unusable shoddy pasture and crop remains 
into valued substances such as meat and wool. The Kajli sheep, as a native breed of Khushab, Punjab 
(Pakistan), is known for its quality meat and aesthetic traits (nose shape and wool colour pattern). Males of 
Kajli sheep are widely preferred in Pakistan as sacrificial animals on the holy occasion of Eid-UL-Adha 
(Qureshi et al., 2010). The biological growth trajectory of livestock species is limited by the interaction 
between inherited growth potential and environmental factors (Pittroff et al., 2008). These trajectories show 
an initial self-accelerating phase (slope increase) followed by a slowing-down phase (slope decline). The 
inflection point (maximum change in growth) in the trajectory coincides with the inception of puberty in 
domestic animals (Brody, 1945). Non-linear functions, that is Gompertz, Brody, von Bertalanffy, Logistic with 
three parameters, describe the pattern of live weight throughout the lifespan of sheep (Jannoune et al., 2015; 
Lupi et al., 2015). The growth curves are mathematic functions that define the relationship between age and 
live weight, covering all or part of the animal’s life (Echeverri et al., 2013). Increase in body size until 
adulthood may be defined as biological growth (Lupi et al., 2015). In the prepuberty phase, the increase in 
body size, live weight and development is faster than in the post-puberty phase of life. Following the point of 
maximum gain, the rate of increase in size slows down till it follows the horizontal asymptote of the curve 
(Lupi et al., 2015).  
With the advent of more precise accurate and faster computational methods, the number of studies on 
asymptotic growth trajectories in domestic animals has been increasing (Souza et al., 2013). The pattern of 
development through non-linear regression models has been studied extensively in cattle (Goldberg & 
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Ravagnolo, 2015), sheep (Waheed et al., 2016; Hossein-Zadeh, 2017; Mohammadi et al., 2019; Mokhtari et 
al., 2019), and goats (Waheed et al., 2011; Ghiasi et al., 2018). In ovine species, the non-linear functions 
that described growth more appropriately include the Brody, von Bertalanffy, Logistic, and Gompertz models 
(Hamouda & Atti, 2011; Behzadi et al., 2104; Kopuzlu et al., 2014; Ganesan et al., 2015; Hossein-Zadeh, 
2017; Hojjati & Hossein-Zadeh, 2018). Estimates of curve parameters (a: predicted asymptotic weight, b: 
rate of weight gain from birth to asymptotic weight, and k: rate of maturity) present useful information for 
determining appropriate slaughtering age and optimal feed amount for describing the breed standards and, 
especially, for improving the selection index for breeding (Gbangboche et al., 2008; Abegaz et al., 2010; 
Saghi et al., 2012; Kopuzlu et al., 2014; Hossein-Zadeh, 2015; Iqbal et al., 2019). 
Therefore, an attempt was made in the present study to ascertain the best non-linear function to 
describe body growth and development in Kajli sheep. This vital tool can be applied to several aspects of the 
Kajli’s future breeding programmes, for example determining breeding age from curve slope and age of 
slaughter from the curve inflection point.  
 
Materials and Methods 
The resource site for animal records was Livestock Experiment Station Khushab (LES Khushab), 
Punjab (Pakistan). Kajli indigenous sheep are native to this region and have developed a symbiosis with its 
agroclimatic conditions. Kajli sheep were introduced at LES Khushab in the early 1980s. They were reared in 
enclosures with 70% open and 30% covered areas. Mature male and female animals were reared in 
separate enclosures. The feeding of was dependent mainly on seasonal pastures, harvested crop remains 
and leafy shrub trees. Animals were set to graze for seven to eight hours every day. Supplement of 
concentrate ration was provided at 300 to 500 g/day/female to the breeding and lambing ewes and 500 to 
750g/ day/ram to breeding rams. Depending on body condition of the ewes, they were exposed to rams at 
12-18 months old. A controlled mating system was adopted, and major breeding was practised in spring 
(February-April) and fall (August-October). Each group of breeding animals comprised 25-30 ewes per ram. 
Animals were weighed monthly and the weight records were maintained in the live weight registers.  
The primary dataset that was retrieved from the live weight registers contained 21150 records on 1273 
animals. The data were checked numerous times, and faulty and outlier records were eliminated: the mean ± 
3SD criterion was adopted. After the initial scrutiny, the final dataset retained 9864 age-weight records (birth 
to 12 months old) related to 822 Kajli animals (25 males, 797 females, 616 singles, 199 twins, and 7 triplets).  
Brody (Brody, 1945), von Bertalanffy (von Bertalanffy, 1957), Logistic (Nelder, 1961), and Gompertz 
(Laird, 1965) non-linear functions were used to describe the sigmoidal relationship between the live weight 
and age records of Kajli sheep. The mathematical notations of each model are presented in Table 1 (Lupi et 
al., 2015).  
 
Table 1 Mathematical notations of candidate non-linear regression models and relevant growth evaluators  
 
Model Mathematical notation Growth rate Age at maturity (y ≈ a) 
    












































































    
y: live weight (kg) at t (age in days), a: predicted asymptotic weight (kg), b: rate of weight gain from birth to asymptotic 
weight (kg), k: rate of maturity (kg), m: determinant of trajectory shape, ln: log function 




Curve fitting and parameter estimation were done by nlsfit (fit non-linear models) function (Kaps & 
Lamberson, 2009) in statistical and computational language environment R version 3.6.1 (Team, 2018). The 
mathematical form of each fit statistics criterion is given below (Bangar et al., 2018): 
  
R2adj = 1 – (
n-1
n-p
) (1 - R2) 
AIC = n ln  (RSS) +2p 
BIC = n ln (
RSS
n
) + p ln  (n) 
RMSE =√
RSS
n - p – 1
 
 
Here, R2 denotes the coefficient of determination for the model; R2 = 1 – (RSS/TSS). The candidate 
model with highest R2adj (adjusted coefficient of determination) value among all fitted models was adopted as 
best fit. The regression model with lowest AIC (Akaike’s information criterion), BIC (Bayesian information 
criterion,) and RMSE (root means square error) estimates was considered the most appropriate model, 
whereas RSS (residual sum of squares), TSS (total sum of squares), n (number of observations), p 
(parameters in the model), and ln (log function) were the components of fit criteria equations. 
 
Results and Discussion 
Goodness of fit criteria for the four asymptotic non-linear growth equations fitted to the age-weight 
records of Kajli sheep are provided in Table 2.  
The differences among estimates of fit statistics for each model were marginal. However, the Brody 
function gave the lowest values of AIC, BIC, and RMSE and highest values of R2adj for all, male, female, 
single, twin and triplet lambs. Therefore, the Brody model was selected as the best fit regression function to 
describe the growth curve of all, male, female, single, twin and triplet lambs. In agreement with the present 
findings, the Brody model was selected for the best fit statistics among five candidate models (Brody, 
Gompertz, Logistic, Richards, and Negative exponential) in Mehraban sheep (Hojjati & Hossein-Zadeh, 
2018) and Deccani sheep (Bangar et al., 2018). Similarly, in Baluchi sheep, Brody was the best fit model 
based on AIC and residual mean square (RMS) criterion among five sigmoid (von Bertalanffy, Brody, 
Logistic, Gompertz, Richards) and two linear polynomial growth models (Behzadi et al., 2014). Mohammadi 
et al. (2019) also established Brody as the best fit model to describe the growth curve in Kordi sheep of Iran. 
However, Waheed et al. (2011) submitted Brody and Gompertz as the most appropriate models to describe 
the growth of the Beetal goat breed of Pakistan. Likewise, in the Sirohi goat breed of India, Brody model 
gave the best fit statistics among five candidate regression models (Brody, Gompertz, Logistic, Richard, and 
Weibull) (Waiz et al., 2019). Contrary to the present results, the best fit statistics were supplied by the cubic 
model in Konya Merino sheep (Keskin et al., 2009), Richards model in Shall sheep of Iran (Hossein-Zadeh, 
2015), von Bertalanffy and Logistic models in Segurena sheep of Spain (Lupi et al., 2015), Logistic in 
Moghani sheep of Iran (Hossein-Zadeh, 2017) and von Bertalanffy model in Kermani sheep of Iran (Mokhtari 
et al., 2019).  The best fitted growth equations in other sheep breeds of Pakistan were Morgan-Mercer-Flodin 
in Mengali (Tariq et al., 2013), Gompertz and Richards in Thalli (Waheed et al., 2016), though Iqbal et al. 
(2019) reported that the Brody model was the best fit for Thalli sheep growth data from birth to two years old. 
However, Hojjati and Hossein-Zadeh (2018) reported higher values of AIC (Brody: 95992, von Bertalanffy: 
96104, Logistic: 97337, Gompertz: 96812) for all lambs (7960 age-weight observations) of Mehrban sheep 
than the estimates of current study for all lambs (9864 age-weight observations) of Kajli sheep. The 
estimates of AIC (Gompertz: 32893.4, von Bertalanffy: 32889.0, Logistic: 33408.6, Gompertz: 32893.4) for 
all lambs (5274 age-weight observations) of West African Dwarf sheep (Gbangboche et al., 2008) were 
lower than the estimates of current study for all lambs of Kajli sheep. The wide variation may be ascribed to 
the breed, population, number of records and category of animals (Malhado et al., 2009; Hossein-Zadeh, 
2015). The predicted live bodyweights (kg) of various categories of Kajli sheep as a function of age (days), 
inferenced from mathematic outcomes of Brody’s equations are presented in Figure 1. The growth 
trajectories of all categories of Kajli sheep followed a particular sigmoid trajectory. 
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Table 2 Comparison of Brody, von Bertalanffy, Logistic and Gompertz models fitted to growth curves of all, 
male, female, single, twin and triplet born lambs of Kajli sheep breed using adjusted factor of determination, 




Fit statistics Brody von Bertalanffy Logistic Gompertz 
      
All 
 R2adj  0.8061  0.8039  0.7969  0.8023 
 AIC  62509  62631  63010  62719 
 BIC  62538  62660  63040  62748 
 RMSE  1.752  1.915  2.156  1.985 
Male 
 R2adj  0.7941  0.7905  0.7824  0.7885 
 AIC  2602.4  2609.9  2626.7  2614.2 
 BIC  2618.7  2626.3  2643.1  2630.5 
 RMSE  2.065  2.157  2.262  2.191 
Female 
 R2adj  0.8066  0.8045  0.7975  0.8029 
 AIC  59910  60023  60386  60107 
 BIC  59939  60053  60415  60136 
 RMSE  1.511  1.673  1.919  1.744 
Single 
 R2adj  0.7918  0.7898  0.7829  0.7882 
 AIC  47087  47166  47422  47224 
 BIC  47115  47193  47450  47252 
 RMSE  1.927  2.076  2.301  2.141 
Twin 
 R2adj  0.8101  0.8076  0.8012  0.8061 
 AIC  14848  14881  14966  14902 
 BIC  14871  14904  14990  14925 
 RMSE  1.446  1.481  1.559  1.499 
Triplet 
 
 R2adj  0.9009  0.8994  0.8967  0.8987 
 AIC  489.46  490.77  493.17  491.41 
 BIC  499.50  500.82  503.21  501.45 
 RMSE  0.721  0.832  0.726  0.777 
           
AIC: Akaike’s information criterion; BIC: Bayesian information criterion; RMSE: root means square error; R2adj: adjusted 
coefficient of determination 




Figure 1 Predicted live weight (kg) as a function of age (days), predicted by Brody regression model for all 
categories of Kajli sheep 
 
 
The mathematical growth functions process the information supplied in age-weight data into few 
parameters (a, b, k) with biological interpretations. Once a best fit model of growth trajectory has been 
selected, breeding, slaughtering and selection can be planned for maximum returns from production systems 
(Behzadi et al., 2014).  
The parameter estimates of non-linear functions that are used to describe the growth of Kajli sheep 
are presented in Table 3. The means and standard errors of ‘a’, ‘b’, and ‘k’ parameters that were obtained by 
fitting the Brody model on age-weight records of all lambs were 42.75 ± 2.45, 0.8911 ± 0.16, and 0.0039 ± 
0.001, respectively. The growth model parameter ‘a’ is an asymptotic weight estimate, which can be 
explained as the adult or mature weight of animal. The estimates of asymptotic weight (parameter a) were 
lowest with Logistic and highest with Brody equation for all categories of Kajli sheep.  
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Parameter  Brody von Bertalanffy Logistic Gompertz 
 
All 
a 42.75 ± 2.45 37.23 ± 1.04 33.93 ± 1.20 35.95 ± 1.34 
b 0.8911 ± 0.16 0.470 ± 0.09 3.955 ± 0.95 1.805 ± 0.12 
k 0.0039 ± 0.001 0.0068 ± 0.002 0.0126 ± 0.003 0.0083 ± 0.003 
Male 
a 46.29 ± 3.02 39.47 ± 1.78 35.45 ± 1.32 37.90 ± 1.12 
b 0.8871 ± 0.19 0.462 ± 0.10 3.784 ± 0.75 1.7633 ± 0.04 
k 0.0034 ± 0.001 0.0061 ± 0.002 0.0142 ± 0.003 0.0075 ± 0.003 
Female 
a 42.62 ± 2.36 37.15 ± 1.12 33.87 ± 1.45 35.87 ± 1.03 
b 0.891 ± 0.12 0.471 ± 0.11 3.964 ± 0.65 1.806 ± 0.10 
k 0.0039 ± 0.001 0.0069 ± 0.002 0.0126 ± 0.003 0.0084 ± 0.004 
Single 
a 42.54 ± 2.12 37.34 ± 1.90 34.16 ± 1.14 36.11 ± 0.98 
b 0.885 ± 0.08 0.465 ± 0.11 3.851 ± 0.80 1.777 ± 0.11 
k 0.0040 ± 0.001 0.0069 ± 0.002 0.0126 ± 0.002 0.0084 ± 0.004 
Twin 
a 45.47 ± 2.74 37.93 ± 1.94 33.76 ± 1.25 36.28 ± 1.01 
b 0.905 ± 0.19 0.484 ± 0.08 4.239 ± 0.64 1.873 ± 0.11 
k 0.0032 ± 0.001 0.0062 ± 0.003 0.0118 ± 0.002 0.0076 ± 0.004 
Triplet 
a 77.16 ± 7.23 51.52 ± 3.68 41.69 ± 1.68 47.39 ± 2.46 
b 0.935 ± 0.38 0.515 ± 0.05 4.955 ± 0.21 2.030 ± 0.67 
k 0.0017 ± 0.001 0.0046 ± 0.002 0.0106 ± 0.002 0.0061 ± 0.003 
 
a: asymptotic weight (kg), b: rate of weight gain from birth to asymptotic weight (kg), k: rate of maturity 
 
 
The estimates of parameter ‘a’ (asymptotic weight) from the best fitted equation (Brody) for various 
categories of Kajli sheep (Table 3) were comparatively larger than those for West African Dwarf 
(Gbangboche et al., 2008), crossbred lambs (Dorper x Brazilian native sheep breeds) (Malhado et al., 2009), 
Moghani (Hossein-Zadeh, 2017), Deccani (Bangar et al., 2018), Thalli (Waheed et al., 2016; Iqbal et al., 
2019), and Kermani (Mokhtari et al., 2019) breeds of sheep. The comparatively higher estimates of 
parameter ‘a’ in this study are indicative of high adult bodyweight, slow growth rate and later age at maturity 
than breeds that exhibit lower values of asymptotic weight (da Silva et al., 2012). Besides, some studies on 
sheep breeds of the world have reported higher values of parameter ‘a’ than estimates in the current study of 
Kajli sheep, for example Konya Merino (Keskin et al., 2009), Hemsin sheep of Turkey (Kopuzlu et al., 2014), 
Segurena (Lupi et al., 2015), and Mehraban (Hojjati & Hossein-Zadeh, 2018) breed of sheep. Similarly, the 
estimates of asymptotic weight in both Shall and Kordi sheep (all, male) were higher than the estimates for 
the same categories of Kajli sheep but lower than the estimates for female Kajli sheep (Hossein-Zadeh, 
2015; Mohammadi et al., 2019). Moreover, the estimates of ‘a’ for male and female Kajli sheep were 
comparable to the estimates in Baluchi sheep (Behzadi et al., 2014). The exact meaning of an optimal 
adulthood bodyweight is the subject of controversy. It relies on type of species, breed, sex, selection 
strategy, rearing, and state of the environment (Malhado et al., 2009). However, the parameter ‘b’ 
symbolizes an integration constant, relative to the initial weight, but lacks a distinct biological explanation 
(Malhado et al., 2009; Kopuzlu et al., 2014). The estimates of parameter ‘b’ from the best non-linear function 
for various categories of Kajli sheep were lower than those reported for West African Dwarf (Gbangboche et 
al., 2008), Shall (Hossein-Zadeh, 2015), and Thalli (Waheed et al., 2016) sheep breeds. However, the 
estimates of ‘b’ in Konya Merino sheep were found higher than the present estimates (Keskin et al., 2009), 
although the estimates in Kajli were consistent with those reported for best fit models in Hemsin (Kopuzlu et 
al., 2014), Moghani (Hossein-Zadeh, 2017), Deccani (Bangar et al., 2018), Baluchi (Behzadi et al., 2014), 
Mehraban (Hojjati & Hossein-Zadeh, 2018), Kordi (Mohammadi et al., 2019), and Thalli (Iqbal et al., 2019) 
sheep breeds. The difference between birth and mature weights regulates the amount of weight increased 
after birth (Abegaz et al., 2010). 
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In the current study, single and female animals had higher ‘k’ values than males, followed by twins and 
triplets. Higher estimates of ‘k’ are indicative of superior maturity rates. Single and female animals attained 
maturity weight sooner than males, twins, and triplets. The estimate of ‘k’, which biologically symbolizes the 
rate of maturation, is another important extract of mathematic expression of biological growth. Lambs with 
high estimated ‘k’ are quick to attain mature body weight compared with the lambs with lower values of 
estimated ‘k’. Estimates of ‘k’ in this study were lower than those reported for Baluchi (Behzadi et al., 2014), 
Thalli (Waheed et al., 2016), Moghani (Hossein-Zadeh, 2017), and Deccani (Bangar et al., 2018) sheep 
breeds. Higher estimates of maturity rate (k) were observed in West African Dwarf (Gbangboche et al., 2008) 
and Konya Merino (Keskin et al., 2009) sheep breeds. Moreover, the present estimates of ‘k’ obtained from 
the appropriate model were in agreement with the previous estimates for Hemsin (Kopuzlu et al., 2014), 
Shall (Hossein-Zadeh, 2015), Mehraban (Hojjati and Hossein-Zadeh, 2018), Thalli (Iqbal et al., 2019) breeds 
of sheep. Because the differences in birth weight of these categories (male, female, single, twin, triplets) are 
usually narrow, the difference in the ‘k’ estimates becomes a reliable interpreter of the growth rate in Kajli. 
The differences between estimated curve parameters (a, b, k) obtained from appropriate model (Brody) in 
Kajli and other sheep breeds of the world are the attributes of differences in genetic backgrounds, climatic 
conditions, rearing, and breeding systems. 
 
Conclusion 
The Brody model is the most promising asymptotic function to explain the curvilinear growth pattern of 
the Kajli sheep from birth to yearling age. Hence by using the Brody model, feeding, breeding and marketing 
plans can be structured to maintain healthy and productive Kajli animals at LES, Khushab. 
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